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Abstract

In this short note we show how to setup a one dimensional single asset model, e.g. equity
model, which calibrates to a full (two dimensional) implied volatility surface. We show that the
efficient calibration procedure used in LIBOR Markov functional models may be applied here
too. In a addition to the calibration to a full volatility surface the model allows the calibration
of the joint asset-interest rate movement (i.e. local interest rates) and forward volatility. The
latter allows the calibration of compound or Bermudan options.

The Markov functional modeling approach consists of a Markovian driver process x and a
mapping functional representing the asset states S(t) as a function of x(t). It was originally
developed in the context of interest rate models, see [7]. Our approach however is similar to
the setup of the hybrid Markov functional model in spot measure, as considered in [5].

For equity models it is common to use a deterministic Numéraire, e.g. the bank account
with deterministic interest rates. In our approach we will choose the asset itself as Numéraire.
This is a subtle, but crucial difference to other approaches considering Markov functional mod-
eling. Choosing the asset itself as Numéraire will allow for a very efficient numerically cali-
bration procedure. As a consequence interest rates have to be allowed to be stochastic, namely
as a functional of x too. The Black-Scholes model with deterministic interest rates is a special
case of such a Markov functional model.

The most general form of this modeling approach will allow for a simultaneous calibration
to a full two dimensional volatility smile, a prescribed joint movement of interest rates and a
given forward volatility structure.

1

mailto:email@christian-fries.de


Markov Functional Modeling of Equity, Commodity and other Assets Christian P. Fries

Contents

1 Introduction 3

2 Markov Functional Model with Asset Numéraire 3
2.1 Markov Functional Assumption . . . . . . . . . . . . . . . . . . . . . . . . . 3

3 Example: The Black-Scholes Model 4

4 Numerical Calibration to a Full Two Dimensional European Option Smile Surface 5
4.1 Market Price . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
4.2 Model Price . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
4.3 Solving for the Functional . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

5 Interest Rates 6
5.1 A Note on Interest Rates and the No-Arbitrage Requirement . . . . . . . . . . 6
5.2 Where are the Interest Rates? . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

6 Model Dynamics 7
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

6.1.1 Time Copula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
6.1.2 Time-Discrete Markovian Driver . . . . . . . . . . . . . . . . . . . . . 8

6.2 Interest Rate Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
6.2.1 Example: Black-Scholes Model with a Term Structure of Volatility . . 8
6.2.2 Calibration to arbitrary Interest Rate Dynamics . . . . . . . . . . . . . 10

6.3 Forward Volatility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
6.3.1 Example: Black-Scholes Model with a Term Structure of Volatility . . 10
6.3.2 Example: Exponential Decaying Instantaneous Volatility . . . . . . . . 11

7 Implementation 11
7.1 Calibration of the Functional Forms . . . . . . . . . . . . . . . . . . . . . . . 11

8 Conclusion 13

List of Symbols 14

References 15

Notes 15

c©2006 Christian Fries
http://www.christian-fries.de/finmath/markovfunctionaleqmodel

2 Version 0.8.3 (20060627)

http://www.christian-fries.de/finmath/markovfunctionaleqmodel


Markov Functional Modeling of Equity, Commodity and other Assets Christian P. Fries

1 Introduction

Markov functional models are well known in interest rate [7] and interest rate hybrid modeling
[5]. The main idea of Markov functional modeling is

• The asset to model is a function of an underlying low dimensional Markov process x.

• The model is such that the functional values can be determined from market prices by a
simple inversion (e.g. through one dimensional root finders).

The first requirement allows for an efficient implementation on a low dimensional lattice.
While one usually has to use Monte-Carlo methods for high dimensional models, low dimen-
sional lattice methods show much better stability and performance.

The second requirement allows for a fast calibration that captures a continuum of mar-
ket prices. Thus, one main feature of Markov functional models is their ability to calibrate
perfectly to a given two dimensional smile surface, parametrized by maturity and strike.

In this short note we show how to setup a one dimensional single asset model, e.g. equity
model, which calibrates to a full (two dimensional) implied volatility surface. We show that
the efficient calibration procedure used in LIBOR Markov functional models, may be applied.

There have been similar attempts to this, e.g. [2, 8]. The novelty of our approach is that, in
contrast to the common choice of a risk less bank account Numéraire, we choose the asset itself
as Numéraire. This is a subtle, but crucial difference. Choosing the asset itself as Numéraire
will allow for a very efficient numerically calibration procedure. As a consequence interest
rates have to be allowed to be stochastic, namely as a functional of x too. The Black-Scholes
model with deterministic interest rates is a special case of such a Markov functional model.

Carr, Thalela and Zariphopoulou [3] showed that a functional model which chooses a risk
less bank account Numéraire with deterministic interest rate may calibrate only to a one dimen-
sional sub-manifold, namely the smile curve for a single maturity T and a maturity curve of
prices for a given strike. Conversely, specifying a functional model that calibrates to a full two
dimensional implied volatility surface and simultaneously prescribing interest rate dynamics
(e.g. as being deterministic) will result in a violation of arbitrage, [2]. This will come clear in
our presentation from the Bond pricing formula (2).

2 Markov Functional Model with Asset Numraire

Consider a simple one dimensional Markov process, e.g.

dx(t) = σ(t) · dW Q(t), x(0) = x0, (1)

where σ is a deterministic function and W Q denotes a Q-Brownian motion. Without loss of
generality we may assume x0 = 0. Equation (1) is the most simplest choice of a Markovian
driver process. We will consider the addition of a drift term to (1) in our discussion on model
dynamics in Section 6.

Let S(t) denote the time t value of some asset for which we assume to have a continuum
of European option prices. Let x and S be adapted stochastic processes defined on (Ω, Q,Ft),
where {Ft} denotes the filtration generated by W Q.

2.1 Markov Functional Assumption

We assume that the time t value of the asset S is a function of x(t), i.e. we assume the existence
of a functional (t, ξ) 7→ S(t, ξ) such that

S(t, ω) = S(t, x(t, ω)),
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where the left hand side denotes our asset value at time t on path ω and the right hand side
denotes some functional of our Markovian driver x, which we ambiguously name S. We allow
for some ambiguity in notation here. From here on S will also denote a deterministic mapping
(the functional)

(t, ξ) 7→ S(t, ξ).

It will be clear from the arguments of S if we speak of the functional (t, ξ) 7→ S(t, ξ) or of the
process t 7→ S(t).

For t1 < t2 we trivially have that

S(t1)
S(t1)

= EQ(
S(t2)
S(t2)

| Ft1).

We now postulate that Q is the equivalent martingale measure with respect to the Numéraire S
and that a universal pricing theorem holds for all other traded products, i.e. that their S relative
price is a Q-martingale.

This implies that the zero coupon bond P (T ; t) having maturity T and being observed in
t < T fulfills

P (T ; t)
S(t)

= EQ(
1

S(T )
| Ft).

Using the functional representation of S we find that P (T ; t) is represented as a functional of
x(t) too, namely

(t, ξ) 7→ P (T ; t)

with
P (T ; t, ξ)
S(t, ξ)

= EQ(
1

S(T, x(T ))
| {x(t) = ξ}). (2)

3 Example: The Black-Scholes Model

Let us assume a Markovian driver with constant instantaneous volatility σ(t) = σ. For the
Black-Scholes Model we have

S(t, ξ) = S(0) · exp
(
r · t +

1
2
σ2

BSt +
σBS

σ
· ξ

)
, (3)

where σBS denotes the (constant) Black-Scholes volatility. Plugging this into (2) we find

P (T ; t, ξ) = exp(−r(T − t)),

so interest rates are indeed deterministic here.
This is indeed the Black-Scholes model: From the definition of the Markovian driver we

have that 1
σ · x(t) = W (t) and thus

S(t, x(t)) = S(0) · exp
(
r · t +

1
2
σ2

BSt + σBS ·W (t)
)
.

In other words the Q dynamics of S is1

dS(t) = rS(t)dt + σ2
BSS(t)dt + σBSS(t) · dW Q(t).

Introducing a new Numéraire

dB(t) = rB(t)dt, B(0) = 1

1 Note that Q is the equivalent martingale measure with respect to the Numéraire S.
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we find for the change of Numéraire process S
B that

d
S

B
= σ2

BSS(t)dt + σBSS(t) · dW Q(t).

For S
B to be a martingale under QB we have dW Q(t) = dW QB − σ2

BSdt and thus we have

dS(t) = rS(t)dt + σBS · S(t) · dW QB
(t)

dB(t) = rB(t)dt.

Note: dW Q(t) is a Q Brownian motion, where Q is the equivalent martingale measure with
respect to the Numéraire S, while dW QB

(t) is a QB Brownian motion, where QB is the
equivalent martingale measure with respect to the Numéraire B.

4 Numerical Calibration to a Full Two Dimensional Euro-
pean Option Smile Surface

As for the interest rate Markov functional model we are able to calculate the functionals numer-
ically from a given two dimensional smile surface. Our approach here is similar the approach
for the one-dimensional LIBOR Markov functional model under spot measure, [5]. Consider
the following time T payout:

V (T,K;T ) :=

{
S(T ) if S(T ) > K

0 else.
(4)

Obviously we have

V (T,K;T ) = max(S(T )−K, 0) + K ·

{
1 if S(T ) > K

0 else,

i.e. the value of V is given by the value of a portfolio of one call option and K digital options,
all having strike K. This is our calibration product.

4.1 Market Price

Let σ̄BS(T,K) denote the Black-Scholes implied volatility surface given from market prices.
Then we have that the market price of V is

V market(T,K; 0)

= S(0)Φ(d+)− exp(−rT )KΦ(d−)︸ ︷︷ ︸
call option part

+K exp(−rT )(Φ(d−) + S(0)
√

TΦ′(d+)
∂σ̄BS(T,K)

∂K
)︸ ︷︷ ︸

digital part

= S(0)Φ(d+) + KS(0)
√

TΦ′(d+)
∂σ̄BS(T,K)

∂K
,

where Φ(x) := 1√
2π

∫ x

−∞ exp(−y2

2 )dy and d± = ln(
exp(rT )S(0)

K )± 1
2 σ̄2

BS(T,K)T

σ̄BS(T,K)
√

T
.

4.2 Model Price

Within our model the price of the product (4) is

V model(T,K; 0) = S(0) · EQ(S(T, x(T )) · 1{S(T,x(T ))>K}

S(T )
| {x(0) = x0}

)
= S(0) · EQ(

1{S(T,x(T ))>K} | {x(0) = x0}
)
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Assuming that our functional (T, ξ) 7→ S(T, ξ) is monotone increasing in ξ we may write

V model(T,K; 0) = S(0) · EQ(
1{x(T )>x∗} | {x(0) = x0}

)
, (5)

where x∗ is the (unique) solution of S(T, x∗) = K. Note that (5) depends on x∗ and the
probability distribution of x(T ) only and that x(T ) is known due to the simple form of our
Markovian driver. It does not depend on the functional S! Thus for given x∗ we may calculate

V model(T, x∗; 0) := S(0) · EQ(
1{x(T )>x∗} | {x(0) = x0}

)
.

4.3 Solving for the Functional

For given x∗ we now solve the equation

V market(T,K∗; 0) = V model(T, x∗; 0)

to find S(T, x∗) = K∗ and thus the functional form (T, ξ) 7→ S(T, ξ). This can be done very
efficiently using fast one dimensional root finders, e.g. Newton’s method.

5 Interest Rates

5.1 A Note on Interest Rates and the No-Arbitrage Requirement

Functional models for equity option pricing have been investigated before, see e.g. [2] and [8].
However, their approach chooses deterministic interest rates and chooses the bank account as
Numéraire. As suggested in Section 3 this will impose a very strong self similarity requirement
on the functionals (which is fulfilled by the Black-Scholes model). Such models may calibrate
only to a one dimensional submanifold of a given implied volatility surface, see [3]. For the
Markov functional model this follows directly from (2). Assuming that the Markovian driver
x is given and that the interest rate dynamic P (T ; t, ξ) is given, we find from (2) that

S(t, ξ) =
P (T ; t, ξ)

EQ( 1
S(T,x(T )) | {x(t) = ξ})

.

So once a terminal time T functional ξ 7→ S(T, ξ) has been defined, all other functionals are
implied by the interest rate dynamics P and the dynamics of the Markovian driver.

Sticking to prescribed interest rates, the only way to allow for more general functional is
to violate the no-arbitrage requirement (2) or change the Markovian driver. The latter will be
considered in Section 6.

5.2 Where are the Interest Rates?

Our model calibrates to a continuum of options on S. We do not even specify interest rates.
This is not necessary, since the specification of the interest rates is already contained in the
specification of a continuum of options on S. Consider options on S(T ), i.e. options with
maturity T . First note that from a continuum K 7→ V market

call (T,K; 0) of market prices for call
option payouts

V market
call (T,K;T ) = max(S(T )−K, 0)

we obtain prices for the corresponding digital payouts

V market
digital (T,K;T ) =

{
1 S(T ) > K

0 else
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by

V market
digital (T,K; 0) = − ∂

∂K
V market

call (T,K; 0).

Thus the value of the zero coupon bond with maturity T is

P (T ; 0) = lim
K↘0

V market
digital (T,K; 0) = − lim

K↘0

∂

∂K
V market

call (T,K; 0).

Note that this argument is model independent.
Within the functional model, Equation (5.2) hold locally in each state. Given we are at time

t in state x(t) = ξ we have for the corresponding bond that

P (T ; t, ξ) = lim
K↘0

V model
digital (T,K; t, ξ).

From this it is clear why specifying interest rates would represent a violation of the no-arbitrage
requirement. This is precisely the reason why the models in [2, 8] allow for arbitrage.

In the next section we show that the model implied interest rate dynamics will likely be
undesirable. However, as it is known from interest rate hybrid Markov functional models [5],
it is possible to calibrate to different model dynamics by changing the Markovian driver x.

6 Model Dynamics

6.1 Introduction

Markov functional models calibrate perfectly to a continuum of option prices, i.e. to the market
implied probability density of the underlying, cf. [1]. Indeed, the functional (t, ξ) 7→ S(t, ξ)
is nothing more than the measure transformation from the probability density of x(t) to the
market implied probability density of the underlying S(t).

While the calibration to terminal probability densities is a desirable feature, it is not the
only requirement on a model, specifically if the model is used to price complex derivatives like
Bermudan options. Here the transition probabilities play a role, i.e. the model dynamics. The
most prominent aspects of model dynamics are

• Interest Rate Dynamics: For an equity Markov functional model the joint movement
of the interest rate and the asset has to be analysed. It is possible to calibrate to a given
interest rate dynamics by adding a drift to the Markovian driver, see Section 6.2.

• Forward volatility: This is the implied volatility of an option with maturity T and strike
K, given we are in state (t, ξ), i.e.

S(t, ξ) · EQ(max(S(T, x(T ))−K, 0)
S(T )

| {x(t) = ξ}
)
.

Obviously it will play an important role for compound options and Bermudan options.
The forward volatility may be calibrated by changing the instantaneous volatility of the
Markovian driver, see Section 6.3.

• Auto correlation / Forward spread volatility: The auto correlation of the process S
impacts the forward spread volatility. This is the implied volatility of an option on
S(T2)− S(T1) with maturity T2, given we are in state (t, ξ), i.e.

S(t, ξ) · EQ(max(S(T2, x(T2))− S(T1, x(T1)), 0)
S(T2, x(T2))

| {x(t) = ξ}
)
.
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Markov functional models allow a limited calibration to different model dynamics by
changing the dynamics of the Markovian driver x. For our choice

dx = σ(t) · dW (t)

we may change the auto correlation of x by choosing different instantaneous volatility func-
tions σ. Since the calibration of the functionals is scale invariant with respect to the terminal
standard deviation σ̄(t) of x(t), the calibration to the terminal probability densities is indepen-
dent of the choice of σ. See the Black-Scholes example in Section 3 for an example of this
invariance.

6.1.1 Time Copula

The specification of the auto correlation of x (through σ) is sometime called time copula, [2],
since it may be specified through the joint distribution of (x(t1), x(t2)). For this reasons simi-
lar functional models are sometimes called copula models, a term that is more associated with
credit models, where joint default distribution is constructed from marginal default distribu-
tions.

In addition to a specification of the instantaneous volatility, the Markovian driver may be
endowed with a drift.

6.1.2 Time-Discrete Markovian Driver

We assume a given time discretization {0 = t0 < t1 < t2 < . . .} and consider the realizations
x(ti) of the Markovian driver x given trough increments ∆x(ti) = x(ti+1)−x(ti). It is natural
that a practical implementation of the model will feature a certain time discretization. Thus,
speaking of calibration of a specific time discretized implementation, it is best to consider the
Markovian driver given through an Euler scheme (as in (6), (7))

x(ti+1) = x(ti) + µ(ti, x(ti))∆ti + σ(ti, x(ti))∆W (ti).

6.2 Interest Rate Dynamics

6.2.1 Example: Black-Scholes Model with a Term Structure of Volatility

Let us first assume that the Markovian driver is given by

x(ti+1) = x(ti) + σi∆W (ti). (6)

Consider a term structure of Black-Scholes implied volatilities, i.e. let σ̄BS(ti) denote the im-
plied volatility of an option with maturity ti. Assuming the simple Markovian driver (6) the
corresponding functionals that calibrate to these options are

S(ti, ξ) = S(0) · exp
(
r · ti +

1
2
σ̄BS(ti)2t +

σ̄BS(ti)
σ̄i

· ξ
)
,

where σ̄2
i := 1

ti

∑i−1
j=0 σ2

j ∆tj .
Already within this model a stochastic interest rate dynamic is implied. From (2) we find

P (ti+1; ti, ξ) = S(ti, ξ) · EQ(
1

S(ti+1, x(ti+1))
| {x(ti) = ξ})

= exp(−r · (ti+1 − ti)−
1
2
(σ̄BS(ti+1)2 · (ti+1 −

σ2
i

σ̄2
i+1

∆ti)− σ̄BS(ti)2 · ti)

− (
σ̄BS(ti+1)

σ̄i+1
− σ̄BS(ti)

σ̄i
) · ξ),
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If the volatility of the Markovian driver x decays faster than the implied Black-Scholes volatil-
ity, then interest rate will move positively correlated with the stock. If the volatility of the
Markovian driver x decays slower than the implied Black-Scholes volatility, then interest rate
will move negatively correlated.2 If we choose the instantaneous volatility of x such that
σ̄i = σ̄BS(ti) we have

P (ti+1; ti, ξ) = exp(−r · (ti+1 − ti))

i.e. we recovered a model with deterministic interest rates. Reconsidering the case of a contin-
uous driver dx = σ(t)dW (t), we see that for 1

t

∫ t

0
σ(τ)2dτ = σ̄BS(t)2 the functionals above

define a Black-Scholes model with instantaneous volatility σ.
However, we do not need to sacrifice the instantaneous volatility of x to match the interest

rate dynamics. A much more natural choice is to add a suitable drift to the Markovian driver
x. Consider a Markovian driver x such that

x(ti+1) = x(ti) + αix(ti)∆ti + σi∆W (ti), x(t0) = x0 = 0. (7)

Note that the x(ti)’s are normal distributed with mean 0 (assuming x0 = 0) and standard
deviations γi

√
ti where

γ2
i+1ti+1 = γ2

i ti · (1 + αi∆ti) + σ2
i ∆ti.

Together with the the functionals

S(ti, ξ) = S(0) · exp(r · ti +
1
2
σ̄BS(ti)2 +

σ̄BS(ti)
γi

· ξ)

S(ti+1, ξ) = S(0) · exp(r · ti+1 +
1
2
σ̄BS(ti+1)2 +

σ̄BS(ti+1)
γi+1

· ξ)

We have

P (ti+1; ti, ξ) = S(ti, ξ) · EQ(
1

S(ti+1, x(ti+1))
| {x(ti) = ξ})

= exp(−r ·∆ti −
1
2
(σ̄BS(ti+1)2 · (ti+1 −

σ2
i

γ2
i+1

∆ti)− σ̄BS(ti)2 · ti)

− (
σ̄BS(ti+1)

γi+1
(1 + αi∆ti)−

σ̄BS(ti)
γi

) · ξ)

= exp(−r ·∆ti −
1
2
(σ̄BS(ti+1)2 ·

γ2
i

γ2
i+1

(1 + αi∆ti)2 − σ̄BS(ti)2 · ti)

− (
σ̄BS(ti+1)

γi+1
(1 + αi∆ti)−

σ̄BS(ti)
γi

) · ξ).

Choosing αi such that

(
σ̄BS(ti+1)

γi+1
(1 + αi∆ti)−

σ̄BS(ti)
γi

) = 0 (8)

we have
P (ti+1; ti, ξ) = exp(−r · (ti+1 − ti))

Interestingly, the Markov functional model (7)–(8) does necessarily need to be a Black-
Scholes model having the QB-dynamics

dS(t) = rS(t)dt + σBS(t) · S(t) · dW QB
(t)

dB(t) = rB(t)dt,
(9)

2 Note than in average the interest rate is still r.
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where σ̄BS(ti)2 = 1
ti

∫ ti

0
σBS(t)2dt. The two models are not the same, although their terminal

probability densities (European option prices) and their interest rate dynamics agree. The
difference lies in the forward volatility, which may be changed for the Markov functional
model through the instantaneous volatility of x. Only for σ(t) = σBS(t) we will have the
dynamics (9). In this case the αi in (8) will be zero, i.e. we are in the situation of the previous
example.

6.2.2 Calibration to arbitrary Interest Rate Dynamics

Within the no-arbitrage constraints, it is possible to calibrate the model to a given arbitrary
interest rate dynamics by choosing the appropriate drift. To do so, we have to find µ(ti, ξ)
such that

P (ti+1; ti, ξ) = EQ(
S(ti, ξ)

S(ti+1, x(ti+1))
| {x(ti) = ξ − µ(ti, ξ)∆ti}).

This can be done numerically through a one-dimensional root finder. The functional S(ti+1)
has to be recalibrated in every iteration.3

6.3 Forward Volatility

The calibration to European option prices (Section 4) and joint movements of asset and interest
rates (Section 6.2) still leaves the instantaneous volatility σ of the Markovian driver x a free
parameter. It may be used to calibrate the forward volatility, i.e. the volatility of an option,
conditional we are at time t > 0 in state ξ.

6.3.1 Example: Black-Scholes Model with a Term Structure of Volatility

Consider the simple Black-Scholes like example from Section 6.2. For simplicity we consider
a Markovian driver without drift, i.e.

x(ti+1) = x(ti) + σi∆W (ti).

together with functionals

S(ti, ξ) = S(0) · exp
(
r · ti +

1
2
σ̄BS(ti)2t +

σ̄BS(ti)
σ̄i

· ξ
)

calibrating to European options with implied volatility σ̄BS(ti).4

Then we have that the standard deviation of the increment x(tk)−x(ti) is σ̄ti,tk
·
√

(tk−ti),
where 1

tk−ti

∑k−1
j=i σ2

j ∆tj . It follows that the implied volatility of an option with maturity tk,
given we are in state (ti, ξ), is

σ̄BS(tk) · σ̄ti,tk

σ̄tk

.

Thus a decay in the instantaneous volatility of the driver process will result in a forward volatil-
ity decaying with simulation time ti (for fixed maturity tk).

3 The procedure is the same as for done for the calibration of the FX forward within the cross currency Markov
functional model, [5].

4 As before we use the notation σ̄2
i := 1

ti

Pi−1
j=0 σ2

j ∆tj .
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6.3.2 Example: Exponential Decaying Instantaneous Volatility

Let us consider the case of a time continuous Markovian driver dx = σ(t)dW with a decaying
instantaneous volatility

σ(t) = exp(−a · t), a 6= 0.

Then we have σ̄t1,t2 :=
√

1
t2−t1

∫ t2
t1

σ(t)dt =
√

−1
2a(t2−t1)

(exp(−2at2)− exp(−2at1)). As-
suming functionals

S(t, ξ) = S(0) · exp
(
r · t +

1
2
σ̄BS(t)2t +

σ̄BS(t)
σ̄(0, t)

· ξ
)

we have that the forward volatility for an option with maturity T , given we are in t, is

σ̄BS(T ) · σ̄(t, T )
σ̄(0, T )

= σ̄BS(T ) ·

√
T

T − t

exp(−2at)− exp(−2aT )
1− exp(−2aT )

.

7 Implementation

The model may be implemented in the same way as it is done for a one dimensional Markov
functional LIBOR model. We do not repeat this here in full detail. For an in depth discussion
on the implementation see, e.g., [4, 5, 6, 9]. The basic steps for a numerical implementation
are, see Figure 1:

7.1 Calibration of the Functional Forms

• Choose a suitable discretization of (t, x(t)), i.e. set up a grid (ti, xi,j).

• For each x∗ = xi,j :

– Calculate V model(T, x∗; 0).

– Find K∗ such that V market(T,K∗; 0) = V model(T, x∗; 0).

– Set S(xi,j) := K∗.
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ModelMarket

Figure 1: Calibration of the functional ξ 7→ S(t, ξ) of the Markov functional model for a fixed maturity
t: The green curve of prices is given by / inferred from the market. For a given state x∗ the (model) value
V (x∗) of a calibration product (model payout in black) with strike K∗ = S(t, x∗) is calculated. This can
be done without knowing the functional S(t, ·), knowing only the distribution of x(t) (red). Looking up
the corresponding strike K∗ (on the market curve (green)) one obtains K∗. This completes the mapping
x∗ 7→ S(t, x∗) = K∗.
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8 Conclusion

The equity Markov functional model is an arbitrage free model that

• calibrates to a full two dimensional set of European option prices (parametrized by ma-
turity T and strike K),

• calibrates to a given joint movement of the asset S and interest rates (as a function of
(t, S)),

• calibrates to (at least) one complex derivative per maturity (means forward volatility
sensitive derivatives like a compound or Bermudan option).

The calibration of functionals is given by a very fast inversion, leaving enough calculation
reserves for a numerical optimization of the remaining degrees of freedom, i.e. the drift and
the instantaneous volatility of the Markovian driver. The calibration of these may be done by
induction over time, which significantly reduces the parameters to optimize.
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List of Symbols

Symbol Meaning

x Markovian process (driver).

σ Instantaneous volatility of Markovian driver process.

dW Q(t) Q Brownian motion.

S Asset process.

Q Equivalent martingal measure with respect to the asset Numéraire
S.

(t, ξ) 7→ S(t, ξ) Functional for the asset S at time t and in state {x(t) = ξ}.

P (T ; t) Time t value of the zero coupon bond paying 1 at maturity T .

σ̄BS(T,K) Market implied Black-Scholes volatility for a European option with
maturity T and strike K.

Φ Cumulative normal distribution function.

V model(T, x∗; 0) Model price of the calibration product with strike at state x(T ) =
x∗.

V market(T,K∗; 0) Market price of the calibration product with strike at asset value
S(T ) = K∗.

σ̄BS(T ) Market implied Black-Scholes volatility for a European option with
maturity T (considering a Black-Scholes model without smile).

σBS Instantaneous Black-Scholes volatility.
σ̄BS(T )2 = 1

T

∫ T

0
σBS(t)2dt.
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