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Monte Carlo Methods

Challenges
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Discretization Error:

Drift Approximations
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Monte Carlo Methods: Discretization Error

Consider for SDE
dX(t) = u(t, X)X (0)dt + o (¢, X(1))X(1)dW (1),

e.g. the Log-Euler Scheme
X(t+ Ar) = X(¢t) - exp (u(t, X(2))At — %Jz(t, X()At + o(t, X (1)) AW(2)).
If o is constant on [z, At] (Black Model, LIBOR Market Model) but u is stochastic and/or non-linear

(LIBOR Market Model), then the discretization error is given by a drift approximation error, e.g.
here

t+At
f p(r, X(1))dt ~ u(t, X(1))At.
t

Solutions
e Predictor Corrector Method(s) (= alternative integration rule)

e Proxy Simulation Scheme / Weak Scheme (discussed later)
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Sensitivities
in Monte Carlo

Partial Derivative with respect to Model Parameters
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Monte Carlo Methods: Sensitivities

Let Z denote a random variable depending on realizations Y := (X(T), ... X(Ty,)) of our simulated
(Numeéraire relative) state variables
Z = f(Y) = f(X(T),...X(Tm))
e.g. the Numéraire relative path values of a financial product. Then the (Numéraire relative) price
IS given by
EUZ | F1,) = EXfFX(T), ... X(Tw)) | F1y).

Challenge: Let 6 denote a parameter of the model SDE (e.qg. its initial condition X(0), volatility o
or any other complex function of those). We are interested in

0 0
%EQ(Z | F1,) = EY: jg;f(X(Tl, w,0),...X(Ty, w,0)) dQ(w)
0
=90 JRr J&L - Xm) - OX(Tyw,0),.. X (Ty,w,0) (X1 - - - Xm) A(XL, ... Xpm)
payoff density - in general smooth in 6
may be

discontinuouse

Problem: Monte-Carlo approximation inherits regularity of f not of ¢:

. 1 v
EYZ | 77,) ~ EUZ | F7,) = 271 FX(T1,0;,0), ... X(Ti, w;, 6))

=1 payoff on path - may be
discontinuouse

Quantitative Methods in Finance - 14-17 December 2005 - Sydney,Australia 7 © 2005 Christian Fries - www.christian-fries.de




Monte Carlo Methods: Sensitivities

Finite Differences:

0
%EQmY(e)) | Fr,)

%

9 . I e :
B O) | 1) ~ o (EXFYO +h) | F7,) — EXFYO - 1) | )

1 1
= = ) —(f(Y(w;, 0+ h) = F(Y(w;, 0 — )
n 2h

Properties
e Requires no additional information from the model sde dX = ...
e Requires no additional information from the simulation scheme X(7;,1) = ...
e Requires no additional information from the payout f
e Requires no additional information on the nature of 6 (= generic sensitivities)
e Biased derivative for large & due to finite difference of order h

e Extremly large variance for discontinuous payouts and small 4 (order A1)
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Monte Carlo Methods: Sensitivities: Pathwise Differentiation

Pathwise Differentiation:

P 0 »
B ©) | F1,) = —EXFYO) | Frp)

%

1<~ 8 1 ,
_ ;;%(f(Y(wi,Q)) - ZZf(Y(wiae))‘

Properties
e Requires additional information on the model sde dX = ...
e Requires no additional information from the simulation scheme X(7;,1) = ...
e Requires additional information on the payout f (derivative of f must be known)
e Requires additional information on the nature of 0 (= restricted class of model parameters)
e Unbiased derivative

e Requires smoothness of payout? (in this formulation)
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Monte Carlo Methods: Sensitivities: Pathwise Differentiation

Pathwise Differentiation (alternative interpretation):

0 0 0
HEQ(f(Y(Q))ITTO) eV f JX(w,0)) dQ(w) = f — /(Y (w,0)) dQ(w)

0
oY
_ ff(y( .0)) - (a) )dQ(w) = EQ(f (Y(9)) - LI7L~To)
(g) 8Y(w,~,9)
~ B ) 2 ) = Zf V(w0 —p5

Note: See Joshi & Kainth [JK] or Rott & Fries [RF] for an example on how use pathwise differentiation with discontin-
uous payouts (there in the context of Default Swaps, CDOs).

Properties
e Requires additional information on the model sde dX = ...
e Requires no additional information on the simulation scheme X(7;.1) = ...
e Requires additional information on the payout f (derivative of f must be known)
e Requires additional information on the nature of 0 (= restricted class of model parameters)
e Unbiased derivative

e Discontinuous payouts may be handled (interpret f’ as distribution, for applications see e.g. [JK, RF])
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Monte Carlo Methods: Sensitivities: Likelihood Ratio

Likelihood Ratio:
0 0 0
FECCAO) 171 = 5 [ Fr@o)da) = 5 [ F0)-vao) &

00
%W(Q)(Y)
Py 9)(Y)

. RN
~ XS w0 | F7) = = ) S (@) - w(l, w)
i=1

-k PreO) dy = EXfY) - w(@) | Fry)

Properties
e Requires additional information on the model sde dX = ... (— ¢y))
e Requires no additional information on the simulation scheme X(T;.{) = ...
e Requires no additional information on the payout f
e Requires additional information on the nature of 0 (= restricted class of model parameters)
e Unbiased derivative

e Discontinuous payouts may be handled.
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Monte Carlo Methods: Sensitivities: Malliavin Calculus

Malliavin Calculus:

0
B O) | F1,) = EXfY ) w®) | F,)

A 1
EY @) - wO) 1 77,) = ~ ) f(0.w) - wib. w;)

i=1

%

Note: Benhamou [B0O1] showed that the Likelihood Ratio corresponds to the Malliavin weights with minimal variance
and may be expressed as a conditional expectation of all corresponding Malliavin weights (we thus view the Likelihood
Ratio as an example for the Malliavin weighting method).

Properties

e Requires additional information on the model sde dX =... (— w)

Requires no additional information on the simulation scheme X(7;;1) = ...

Requires no additional information on the payout f
e Requires additional information on the nature of 6 (= restricted class of model parameters)

Unbiased derivative

Discontinuous payouts may be handled.
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Proxy Simulation
Scheme
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Qua

ntitative Methods in Finance

Proxy Simulation
Scheme

Pricing / Sensitivities
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Proxy Scheme Simulation: Pricing

Proxy Scheme: Consider three stochastic processes

X t- X telR model sde
X* T;-» X (T;) i=0,1,2,... time discretization scheme of X — target scheme
X° T;,—» X°(T;) i=0,1,2,... any othertime discrete stochastic process

(assumed to be close to X*) — proxy scheme

Pricing:
Let Y = (X(T)).....X(Tw), Y* = (X*(T}),....X"(T), Y°=(X(T)),....X(Tn).
We have EQ(f(Y(9)) | Fr,) ~ EQf(Y*(9)) | Fr,) and furthermore

EQ/(r o) | Fr,) = fQ f(r*(@,6) dQw) = fmm FO) - b)) dy

dy+)(y)
Pyo(y)

R -pye(y) dy = ER(f(Y°)-w(®) | F,)

Py*6) ()
Pyo(y) °

where w(0) =

Note:

e For X° = X* we have w(f) = 1 = ordinary Monte Carlo.

e Y° is seen as beeing independent of §. = implications on sensitivities.
e Requirement: ¥y : ¢¥ () = 0 = ¢¥ (y) = 0
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Proxy Scheme Simulation: Sensitivities

Proxy Scheme Sensitivities:

0 0 0
SAEO) | Fry) = o fg 07 @.0) d0w) = 20 | f0)- By dy

06 06
3%¢Y*(Q)(Y)
Py(y)

. AN
~ BUF(YrO) - wio) | Fr,) = sz(Yo(wi))'W'(Q,wi)
i=1

- pyo(y) dy = EXF°)-w'(©0) | Fr,)

= | O

Properties
e Requires no additional information on the model sde dX = ...
e Requires additional information on the simulation scheme X*(T;.1), X°(T;41)
e Requires no additional information on the payout f
e Requires additional information on the nature of 0 (= restricted class of model parameters)
e Unbiased derivative (biased if finite differences are used for w)

e Discontinuous payouts may be handled.
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Proxy Scheme Simulation: Sensitivities

Proxy Scheme Sensitivities:

%

0 1
B O) | F1y) ~ S (EXSQO+ ) | Frp) = EXFY* O = h) | 7))

00
0 1
= 9 JRr f ()’)'%(¢Y*(0+h)()’)_¢Y*(H—h)()’)) dy
1
57 (Dy+0+m) V) — dy*9-n) ()
2h
= : cdvo(v) d
R™ J») 57o0) Pyo(y) dy

%

1 Z f°(w)) - i(w(@ +h,w;) — w(l — h, w;))
o) 2h

Properties
e Requires no additional information on the model sde dX = ...

e Requires additional information on the simulation scheme X*(T;.1), X°(T;41)

Requires no additional information on the payout f

Requires no additional information on the nature of 6 (= generic sensitivities)

e Biased derivative (but small shift 4 possible!)

Discontinuous payouts may be handled.
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Proxy Scheme Simulation: Sensitivities

Proxy Scheme Sensitivities:

%

0 1
—BR(f(Y () | Fr,) E(EQ( FHO + ) | F1y) —EXFY*0 - 1) | F1))

00
0 1
= % Jre f ()’)'ﬂ(ﬁbY*(mh)()’)—¢Y*(8—h)()’)) dy
1
5 ( Dy 0+m) V) — dy*9-n) ()
20
= : cdvo(v) d
R’ ) Pre) &

2

1 Z F(Y°(w))) - i(w(@ + h, w;) — w( — h, w;))
n 2h

Finite difference applied to the pricing
results in a finite difference approximation of the Likelihood Ratio

thus

We have all the nice properties of the Likelihood Ratio
combined with the genericity of Finite Differences
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Proxy Scheme Simulation: Densities / Weak Schemes

Proxy Scheme: Consider three stochastic processes

X t- X telR model sde
X* T;-» X (T;) i=0,1,2,... time discretization scheme of X — target scheme
X° T;,—» X°(T;) i=0,1,2,... any othertime discrete stochastic process

(assumed to be close to X*) — proxy scheme

Pricing: Let Y = (X(T}),....X(Tyw), Y* = X*(T)),...,X*(Ty), Y° = (X(Ty),...,X(Tw).

EXf(Y(9) | F1,) =~ ERFQY*O) | Fr,) = EXFY°) - w©®) | Fr,)
where
dy+9)(Y)

g) = -7
w0 Pyo(y)

(calculated numerically).

Note:

e From the scheme X° we need the realizations (to generate the path)
— Need something explicit (Euler-Scheme, Predictor Corrector, etc.)

e From the scheme X* we need the transition probability only (weaker requirement)
— May use complex implicit schemes or expansions of the the transition probability of the
(true) model sde.
Kampen derived a quadratic WKB expansion for the LIBOR Market Model (see appendix)

Quantitative Methods in Finance - 14-17 December 2005 - Sydney,Australia 20 © 2005 Christian Fries - www.christian-fries.de




Proxy Simulation:
Implementation
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Implementation

Standard Monte Carlo Simulation: Pricing

InputData

Market Data

Model

Simulation

Calibrated Model
Parameters

— @ Equally weighted

Paths of Simulation Scheme

Quantitative Methods in Finance - 14-17 December 2005 - Sydney,Australia 22

Product

> f(Y((Di)) * n

—

Price

© 2005 Christian Fries - www.christian-fries.de




Implementation

Standard Monte Carlo Simulation: Sensitivities

InputData

InputData

Market Data 6+h

Market Data 0-h

Model

Simulation

Calibrated Model
Parameters

— @ Equally weighted

Paths of Simulation Scheme
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Implementation

Proxy Simulation Method: Pricing

InputData

Market Data

Model Simulation | Product
Calibrated Model Monte Carlo weights
Parameters ' ° =

e —— Paths of Proxy Scheme z f(Y((DI)) . W

Proxy Model —,_"

=
Model Parameters ;
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Implementation

Proxy Simulation Method: Sensitivities

InputData InputData
Market Data 6+h Market Data 0-h
MOdeI SimUIation i Product
Calibrated Model —_¢| Monte Carlo weights
Parameters J

I — Paths of Proxy Scheme

Proxy Model —,_"

Model Parameters ; :

- . .
Price Price

LR like Sensitivity as
Finite Difference
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Example:
LIBOR Market Model
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Example: Proxy Scheme Simulation for a LIBOR Market Model

LIBOR Market Model:
Ljo;
]_+aLj5j

dL; = Lipk dt + LioidW;, i=1,...n, with pk=

I<j<n

where dW = (dWy,...,dW,), dW;dW;=p; ;df, X=diag(oy,...,00), TTT = (o).

(TﬂTﬂOLﬁ lﬂW/:=2~If-d[L

e Log-normal model (common extensions: local vol., stoch. vol., jump)
e Non-linear drift
e High dimensional (no low dimensional Markovian state variable)

e Driving factors may be low dimensional (parsimonious model) — TI'is an n x m matrix.

LIBOR Market Model & Numerical Schemes in Log-Coordinates:
model sde: dK = uXdr + £-T-dU K :=log(L), uK:=pt-1x2
proxy scheme: K°(T;.1) = K°(T;) + ,uKO(T,-)AT,- + X°(T;) - T'°(T;) - AU(T))
target scheme: K*(T;y() = K*(T;) + pX (THAT; + X(T;) -T(T;) - AU(T;)
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Example: Proxy Scheme Simulation for a LIBOR Market Model

LIBOR Market Model & Numerical Schemes in Log-Coordinates:
model sde: dK = K dr + T-T-dU K :=log(L), uX:=pul- %22

proxy scheme: K°(T;.1) = K°(T;) + ,uKO(T,-)AT,- + X°(T)) - T°(T)) - AU(T;) < sample path

target scheme: K*(T;y() = K*T;) + puX (THAT; + X(T;) -T(T;) - AU(T})

Tansition Probabilites 7; — T, ;:
Assume for simplicity that u® (7;) depends on K*(T;), K*(T;.) only (and same for °)
(— true for, e.g. Euler Scheme, Predictor Corrector), then

o 1 1 o
K . 0. . o . 0—1/2 poTwo—-1,1-0 o K . \\2
¢ (T}, KTy, Ki+1) = (ZHATi)n/Z eXP( - AT, (A ) (Ki+1 - K, —pu (TH)AT;)) )
% 1 1 *
K" i k.. * _ —1/2 o Ts—1/ % * K" . )2
¢ (Tb Kl ’ Tl+17 Kl+1) - (2HATl)n/2 eXP( - 2ATZ (A Fox (Kl+1 B Kl —H (TZ)ATI)) )
Proxy Scheme Weights:

i % (T, KiiTj, Koy )

w(T'; = 5
(Tiy1) |¢Tk n ¢K (Tj’ K;; T.

] <—— monte carlo weights
=k J+b Kj+1)

Note: We used the factor decomposition (PCA) I' = F - VA where A = diag(4y,...,4,) are the
non-zero Eigenvalues of I'- T'T.

A change of market data / calibration enters into transition probabilities only.
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Summary: Requirements / Implementation

Proxy Scheme Weights:

J

Wi by = | |
Ke(T. wo.7. o
C ST KT, K, )

L KT KT, KS, )

Implementation:

The transition densities gbKo and gbK* are densities from the numerical schemes K° and K*.
They may be calculated numerically (on the fly together with the (proxy) schemes paths)!

Requirement:
68 (Ti K3 Tin1, K5y) = 0 = 6% (TLK7: Tip, K7 ) = 0

This requirement corresponds to the non-degeneracy condition imposed on the diffusion matrix in
the continuouse case (e.g. Malliavin Calculus).

However: Here, this requirement may be achieved even for a degenerate diffusion matrix, e.g. by
a non-linear drift.

Moreover:

Since we are free to choose the proxy sheme, it may choosen such that the condition holds.
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Summary: Properties / Achivements

Properties:
e Requires no additional information on the model sde dX = ...

e Requires additional information on the simulation scheme X*(T;.1), X°(T;;1)

Requires no additional information on the payout f

Requires no additional information on the nature of 6 (= generic sensitivities)

Stable for small shifts &

e Discontinuous payouts may be handled.

Achivements:
e Stable Generic Sensitivites: Finite Differences result in numerical Likelihood Ratios

e Weak Schemes: Allows to correct for an improper transition density.
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Summary: Note on the non-degeneracy condition

A note on the requirement

Vy:o' () = 0 = ¢V (») = 0

While for Malliavin Calculus one would expect some non-degeneracy condition imposed on the dif-
fusion matrix, the above may hold for (time-discrete) simulation schemes with degenerate diffusion
matrices, e.g. if a stochastic drift generates additional diffusion.

Example: LMM Euler Scheme with and witout Drift
Consider a model on two state variable (here an
LMM) with a degenerate (rank 1) diffusion matrix
(red) and a stochastic drift term (like in LMM).
Then a single Euler step will span a line (blue).
Using this as a proxy scheme will does not allow
drift corrections outside that 1-dim hypersurface.
However, two subsequent Euler steps of half the
size, generate diffusion perpendicular to the 1-
dim hypersurface (green).

Logarithm of LIBOR(5.5,6.0)

L T T T T e e L e I |
W W DD MDD NN MDD DD DN DN DD DN DD DNDDND

-2 -2 -2 -2 -2 -2 -2 -2
Logartihm of LIBOR(5.0,5.5)
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Examples and
Numerical Results
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Numerical Results

Proxy Scheme: Consider three stochastic processes

X t-= X0 telR model sde
X* T;—» X*(T;) i=0,1,2,... time discretization scheme of X — target scheme
X° T, X°(T;) i=0,1,2,... any othertime discrete stochastic process

(assumed to be close to X*) — proxy scheme

Test Case:
X LIBOR Market Model

X* Target Scheme: Some standard discretization of LMM.

X° Proxy Scheme: Log-normal scheme without drift (LMM drift zero) (extrem test case).

Check for:
e Bond prices (& can we correct for the drift)

e Sensitivities of Trigger Products (Digitals, Auto Caps)
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Example |:
Correcting the Drift
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Numerical Results: Monte Carlo Bond Price Distributions

Comparison of Bond Deviations of Simulation Schemes

< WOrse

0,000 L

0,000 0,005 0,010 0,015 0,020 0,025
L1 deviation of Bond prices

Frequency
o o
o o
\©) (o))
&) o

B Zero drift Euler Scheme
Euler Scheme

® Shown:Absolute Bond price Monte Carlo error distribution for Euler Scheme
with drift zero (red) and Euler Scheme with Euler drift (yellow): Neglecting drift
results in large Bond price errors and even higher Monte Carlo variance (since
here drift would generate mean reversion).

® Next: Use zero-drift Euler Scheme as proxy scheme and correct drift towards
Euler Scheme with drift (target scheme).
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Numerical Results: Monte Carlo Bond Price Distributions

Comparison of Bond Deviations of Simulation Schemes

Frequency
o o
o o
\©) (o))
&) o

0,000 . k

0,000 0,005 0,010 0,015 0,020 0,025
L1 deviation of Bond prices

B Zero drift Euler Scheme
Euler Scheme
M Zero drift Proxy Scheme corrected for Euler Drift

® Shown: Use zero-drift Euler Scheme as proxy scheme (red) and correct drift
towards Euler Scheme with drift (target scheme, blue)

® Next:Take a closer look. Compare proxy scheme simulation with direct
simulation
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Numerical Results: Monte Carlo Bond Price Distributions

Comparison of Bond Deviations of Simulation Schemes

>
S 0,050 -
(b}
>
g
T ‘|||||| ||||||‘“I|
0,000 —ll,ll—,—lll,"“llﬂ,ll-l—--,_

0,00000 0,00025 0,00050 0,00075 0,00100 0,00125
L1 deviation of Bond prices

B Zero drift Euler Scheme
Euler Scheme
M Zero drift Proxy Scheme corrected for Euler Drift

® Shown: Monte Carlo Error of Bond Prices for Proxy-Scheme Method (using
zero-drift Euler Scheme as proxy scheme) (blue) and direct simulation of target
scheme (yellow)

® Next: Refine target scheme by more accurate transition probabilities
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Numerical Results: Monte Carlo Bond Price Distributions

o
o
a1
o

Comparison of Bond Deviations of Simulation Schemes

I
0.000 - RNNNRRNRRRNARRRRRR RN RNt . -.|I| “" !!u THHHHH | ———

0,00000 0,00025 0,00050 0,00075 O, 00100 0,00125
L1 deviation of Bond prices

Frequency
o
o
\©)
&)

Euler Scheme
W Zero drift Proxy Scheme corrected for Euler Drift
Zero drift Proxy Scheme corrected for Trapezoidal Drift

® Shown: Direct Euler Scheme simulation (yellow), Proxy Sheme simulation with
Euler Scheme as target scheme (blue), Proxy Scheme simulation with transition
probablities derived from trapezoidal integration rule for the drift (green).
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Example 2:
Robust Generic Sensitivities
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Numerical Results: Monte Carlo Sensitivities

Digital Caplet delta (maturity 5.0, 10000 paths)

(xg%,ix:gﬁ-
0,8% | ¥ iin
0,7% { X i e 2
0,6% s E e g o
0,5% it
0,4% | Fisis
0,3%
0’20/0 cee .o
0,1% ':...f:-' T

0,0% +o : : . .
0 25 50 75 100

shift in basis points

delta

® Proxy Scheme Sensitivity shows an increase of variance for large shift (well
known effect for Likelihood Ratio / Malliavin Calculus)

® Proxy Scheme Sensitivity remains stable for small shifts
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Numerical Results: Monte Carlo Sensitivities

Digital Caplet delta (maturity 5.0, 10000 paths)
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0
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shift in basis points
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® Proxy Scheme Sensitivity shows an increase of variance for large shift (well
known effect for Likelihood Ratio / Malliavin Calculus)

® Proxy Scheme Sensitivity remains stable for small shifts
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Numerical Results: Monte Carlo Sensitivities

Digital Caplet gamma (maturity 5.0, 10000 paths)
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® Proxy Scheme Sensitivity shows an increase of variance for large shift (well
known effect for Likelihood Ratio / Malliavin Calculus)

® Proxy Scheme Sensitivity remains stable for small shifts
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Numerical Results: Monte Carlo Sensitivities

Digital Caplet gamma (maturity 5.0, 10000 paths)
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® Proxy Scheme Sensitivity shows an increase of variance for large shift (well
known effect for Likelihood Ratio / Malliavin Calculus)

® Proxy Scheme Sensitivity remains stable for small shifts
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Appendix: Quadratic WKB Expansion for the LMM Transition Probability Density

Three assumptions. First

(A) The operator L is uniformly parabolic in R"”, i.e. there exists 0 < A < A < oo such that
forall ¢ € R™\ {0}

0< A< ) a;(0)&E < A (1)

i,j=1

(B) The coefficients of L are bounded functions in R™ which are uniformly Holder continu-
ous of exponent « (o € (0, 1)).

guarantee that fundamental solution exists and is is strictly positive. The third assumption

(C) the growth of all derivatives of the smooth coefficients functions + — a;;(x) and x —
b;(x) is at most of exponential order, i.e. there exists for each multiindex « a constant
Ao > Osuchthatforalll <i,5,k <n

0™b;

" Oz

8O‘ajk

o < exp (Aalz]?), (2)

guarentees (pointwise) convergence of coefficient functions x — ¢ (z) := ¢x(x,y) and z —
d}(x) := di(z,y) in the standard WKB-expansion

1 d> |
p(dt, x,y) = Jorsi” P ( gg;y) + Zci(x,y)&z) - 3)

2ot >0

and in the new WKB expansion (we call it the quadratic WKB expansion), which is

p(0t,z,y) = 2;&71 X

2 | . 4)
e (~ gL 5 @)+ 9 (¢ - S L) ) e - )

(This is from the ansatz

N\ 2
! (Zizo dﬁt“) v gy i
POt 2.y) = e exp |~ e g(ai A=yt [ )

where - denotes the scalar product. Here o and 3V are affine terms depending on y (compen-
sation terms).
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From the target scheme only
the transition probability is
needed.

Kampen [KF] derived a
quadratic WKB expansion for
the LIBOR Market Model
(see left).

This enables us to construct a
proxy scheme simulation with
almost arbitrary small time
discretization error - even for
a large time steps AT.
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